The geometry of closed surfaces equipped with a Euclidean metric with finitely many conical points of arbitrary angle is studied. The main result is that the set of closed geodesics is dense in the space of geodesics.
Introduction
Let S be a closed surface of genus ≥ 1 equipped with a Euclidean metric with finitely many conical singularities (or conical points), denoted by s 1 , ..., s n . Every point which is not conical will be called a regular point of S. Denote by θ(s i ) the angle at each s i , with θ(s i ) ∈ (0, +∞) \ {2π} and denote by C (S) the set {s 1 , ..., s n } . Existence of conical points with angle less than 2π results into major differences in the geometry of the surface S compared to the case where all angles are > 2π. An important property which fails in this class of spaces is that geodesic segments with specified endpoints and homotopy class are no longer unique and similarly for geodesic rays and lines in the universal cover S (see Example 5 below) . Moreover, extension of geodesics also fails. More precisely, there exist geodesic segments σ in S not containing any singularity which cannot be extended to any geodesic segment σ ′ properly containing σ. These facts make the study of the geometry of S interesting. In fact, the tools for studying the geometry of Euclidean surfaces with conical points of arbitrary angle are, in principle, limited to the property that S is a hyperbolic space in the sense of Gromov. In this note we first show that the set of points on the boundary ∂ S to which there corresponds more than one geodesic ray is dense in ∂ S (see Theorems 9 and 10 below). Moreover, it is shown that for any boundary point ξ ∈ ∂ S there exists a base point x 0 ∈ S such that at least two geodesic rays emanating from x 0 correspond to ξ. We then show that the images of all geodesic rays corresponding to a boundary point ξ ∈ ∂ S are contained in a convex subset of S whose boundary is geodesic consisting of two geodesic rays. Thus, in the class of geodesic rays corresponding to each point ξ ∈ ∂ S there are associated two distinct outermost (left and right) geodesic rays. Similarly for geodesic lines.
We show that the set of closed geodesics is dense in the space of all geodesics GS in the following sense: for each pair of distinct points ξ, η ∈ ∂ S and each outermost geodesic line γ joining them, there exists a sequence of geodesics {c n } in S, with the projection of every c n to S being a closed geodesic, such that {c n } converges in the usual uniform sense on compact sets to γ.
Preliminaries
Let S be the universal covering of S and let p : S → S be the universal covering projection. Obviously, the universal covering S is homeomorphic to R 2 and by requiring p to be a local isometric map we may lift d to a metric d on S so that ( S, d) becomes an e.s.c.s. Clearly, π 1 (S) is a discrete group of isometries of S acting freely on S so that S = S/π 1 (S) .
Due to the existence of conical points with angle < 2π, a geodesic γ in S, usually defined to be a local isometric map, may have homotopically trivial self intersections, that is,
Clearly, any lift γ to the universal cover S of S of a local geodesic γ with homotopically trivial self intersections is not a global isometric map. In view of this and Lemma 1 below, we restrict our attention to geodesics and geodesic segments which do not have homotopically trivial self intersections.
Let GS be the space of all local isometric maps γ : R → S so that its lift to the universal cover S is a (global) geodesic. The image of such a γ will be referred to as a geodesic in S. Similarly we define the notion of a geodesic segment, that is, a local isometric map whose domain is a closed interval which lifts to a geodesic segment in S. The geodesic flow is defined by the map Φ : R × GS → GS where the action of R is given by right translation, i.e. for each t ∈ R and γ ∈ GS, Φ(t, γ) = t · γ, where t · γ : R → S is the geodesic defined by t · γ(s) = γ(t + s), s ∈ R.
The group π 1 (S) with the word metric is hyperbolic in the sense of Gromov. On the other hand, π 1 (S) acts co-compactly on S; this implies that S is itself a hyperbolic space in the sense of Gromov (see for example [2, Ch.4 Th. 4 .1]) which is complete and locally compact. Hence, S is a proper space i.e. each closed ball in S is compact (see [5] Th. 1.10). Therefore, the visual boundary ∂ S of S is defined by means of geodesic rays and is homeomorphic to S 1 (see [2] , p.19). The following properties contain information concerning the images of geodesics with respect to the conical points.
Lemma 1 There exists a positive real number C such that for any geodesic γ in S d (γ (t) , s i ) ≥ C for all t ∈ R and for all s i ∈ C (S) with θ (s i ) ∈ (0, 2π) .
where s i denotes a pre-image of s i .
The proof of this Lemma is given in [1] . By considering, if necessary, a constant C ′ smaller than C, the above Lemma holds for geodesics in S. 
be two geodesic segments in S intersecting at two points x, y which are isolated in
realizes the distance from x to z 2 . Therefore, the angle formed by
at y is at least π. Similarly, the angle formed by
Since S is a hyperbolic space in the sense of Gromov, the isometries of S are classified as elliptic, parabolic and hyperbolic [4] . On the other hand, π 1 (S) is a hyperbolic group, thus π 1 (S) does not contain parabolic elements with respect to its action on its Cayley graph (see Th. 3.4 in [2] ). From this, it follows that all elements of π 1 (S) are hyperbolic isometries of S. Therefore, for each ϕ ∈ π 1 (S) and each x ∈ S the sequence ϕ n (x) (resp. ϕ −n (x)) has a limit point ϕ(+∞) (resp. ϕ(−∞)) when n → +∞ and ϕ(+∞) = ϕ(−∞). The point ϕ(+∞) is called attractive and the point ϕ(−∞) repulsive point of ϕ.
The following important property for hyperbolic spaces (see Proposition 2.1 in [2] ) holds for ∂ S.
Proposition 3 For every pair of points x ∈ S, ξ ∈ ∂ S (resp. η, ξ ∈ ∂ S) there is a geodesic ray r : [0, ∞) → S ∪ ∂ S (resp. a geodesic line γ :
Remark that uniqueness does not hold in the above proposition. In fact, we have the following straightforward corollary to Lemma 2. Thus, for each pair of points x ∈ S, ξ ∈ ∂ S there corresponds a class of geodesic rays r with r(0) = x, r(∞) = ξ, the cardinality of which varies from a singleton to uncountable (see discussion following Example 5 below). It is well known that in hyperbolic metric spaces the stability property of quasi-geodesic rays (and lines) holds in the sense of bounded Hausdorff distance (see, for example, [3, Chapter I, § 6]). It follows that any two geodesic rays r 1 , r 2 in the same class are asymptotic, that is, (see [2, Ch. 3, Thm. 3.1]) there exists a constant A > 0 which depends only on the hyperbolicity constant of S such that
Similarly for geodesic lines. For a point ξ ∈ ∂ S (and having fixed a base point in S) we write r ∈ ξ to indicate that the geodesic ray r belongs to the class of rays corresponding to ξ, that is, r(∞) = ξ. We also say that ξ is the positive point of r.
Similarly, for a pair (η, ξ) of points in ∂ S with η = ξ we write γ ∈ (η, ξ) to indicate that the geodesic line γ belongs to the class of lines with the property γ(−∞) = η and γ(∞) = ξ. We say that ξ is the positive point of γ and η the negative.
By writing that the sequence {ξ n } ⊂ ∂ S converges to ξ in the visual metric, notation ξ n → ξ, we mean that there exist geodesic rays r n ∈ ξ n and r ∈ ξ such that the sequence {r n } converges in the usual uniform sense on compact sets to r.
The following example demonstrates a simple case where lifts of distinct closed geodesic (as well as non-closed geodesics) have the same negative and positive points in ∂ S. Figure 1 ). The resulting cylinder Σ has two singular points A, B with angles θ (A) = π and θ (B) = 3π. The segments BB 1 and B Since Σ has geodesic boundaries, the described example can clearly occur in surfaces of any genus. Pick a lift σ of σ in Σ. Then there is a countable number of points B i , i ∈ Z, with the properties B i ∈ Im σ and p B i = B.
The surface Σ with two conical points of angle π and 3π.
Clearly, any lift τ of τ containing B i 0 for some i 0 must contain B i for all i and, moreover, τ (+∞) = σ (+∞) and τ (−∞) = σ (−∞) . Therefore, using σ and τ we may construct countably many pairwise distinct closed geodesics in Σ, as well as uncountably many non-closed geodesics, whose lifts in Σ are contained in Im τ ∪ Im σ and they all share the same positive (resp. negative) point τ (+∞) = σ (+∞) (resp. τ (−∞) = σ (−∞) ).
The limit set Λ of π 1 (S) is defined to be Λ = π 1 (S) x ∩ ∂ S, where x is an arbitrary point in S. Since the action of π 1 (S) on S is co-compact, it is a well known fact that Λ = ∂ S, and hence Λ = S 1 . Note that the action of π 1 (S) on S can be extended to ∂ S and that the action of π 1 (S) on ∂ S × ∂ S is given by the product action.
Denote by F h the set of points in ∂ S which are fixed by hyperbolic elements of π 1 (S) . Since Λ = ∂ S, the following three results can be derived from [3] .
Proposition 6
The set F h is π 1 (S) −invariant and dense in ∂ S.
Proposition 7 There exists an orbit of
3 Density in ∂ S.
In this section we first show that the set of points in ∂ S for which the class of the corresponding geodesic rays is not a singleton, forms a dense subset of ∂ S. We fix throughout a base point x 0 ∈ S.
Proposition 9 The set
is dense in ∂ S.
Proof. As ∂ S is homeomorphic to S 1 we will be talking about intervals in ∂ S and we will mean open (resp. closed) connected subsets of ∂ S homeomorphic to open (resp. closed) intervals in S 1 . It suffices to show that for any interval I ⊂ ∂ S, I ∩ Y = ∅. Claim: Let ξ / ∈ Y, r ξ the (unique) geodesic ray with r ξ (0) = x 0 , r ξ (+∞) = ξ and r an arbitrary geodesic ray with r (0) = x 0 and r (+∞) = ξ. Then Im r ξ ∩ Im r is either, a geodesic segment of the form [ x 0 , x 1 ] for some x 1 ∈ Im r ξ or, a singleton namely { x 0 } . Similarly, if r is an arbitrary geodesic segment then Im r ξ ∩ Im r is either, a geodesic sub-segment of r or, a singleton or, the empty set.
For the proof of the Claim observe that Im r ξ ∩ Im r is necessarily connected. For, if x, y belong to distinct connected components of Im r ξ ∩ Im r then r| [x,y] does not coincide with r ξ | [x,y] . Thus, the geodesic ray
is distinct from r ξ and, clearly, r ′ (+∞) = ξ, a contradiction. As both Im r ξ , Im r are homeomorphic to [0, +∞) , the Claim follows. The proof in the case r is a geodesic segment is similar.
Returning to the proof of the Proposition, suppose, on the contrary, that for
. We may assume that Im r η ∩ Im r ρ = { x 0 } otherwise, replace in the sequel the union Im r η ∪ Im r ρ by
Then, inside the compact, convex set S ∪ ∂ S the union For each ξ ∈ [η, ρ] , consider the (unique, as [η, ρ]∩Y = ∅) geodesic ray r ξ with r ξ (0) = x 0 and r ξ (+∞) = ξ. By the Claim, as above, Im r ξ ∪ {ξ} splits S ([η, ρ]) into two closed convex subsets S ([η, ξ]) and S ([ξ, ρ]) , the former containing η and the latter containing ρ, whose intersection is Im r ξ ∪ {ξ} . Define
Similarly, define I (ρ) . We will show that I (η) , I (ρ) are closed and disjoint subsets of [η, ρ] , thus contradicting the connectedness of [η, ρ] .
. It follows that s ∈ Im r ξ which contradicts Lemma 1. This shows that I (η) , I (ρ) are disjoint. To see that I (η) is closed, let {ξ n } ⊂ I (η) be a sequence converging to ξ with r ξn , r ξ the corresponding (unique) geodesic rays with positive points ξ n , ξ. We want to show that ξ ∈ I (η) . Assume, on the contrary, that
, s]) be geodesic segments realizing the distance, say d η (resp. d ρ ) of s form Im r η (resp. Im r ρ ) for some point x η ∈ Im r η (resp. x ρ ∈ Im r ρ ). Consider the following neighborhood N of geodesic rays around 
. In other words, ξ n ∈ I (ρ), a contradiction. We now show the analogous result for geodesic lines. We write ∂ 2 S for the product ∂ S × ∂ S with the diagonal excluded.
Proposition 10 The set
Proof. It suffices to show that for arbitrary ξ 0 ∈ ∂ S and any closed inter- 
Similarly, define I (ρ) . Then, as above, I (η) , I (ρ) are closed and disjoint subsets of [η, ρ] , a contradiction. Proof of I (η) closed: Let {ξ n } ⊂ I (η) be a sequence converging to ξ with γ ξn , γ ξ the corresponding (unique) geodesic lines with γ ξn (−∞) = ξ 0 = γ ξ (−∞) and γ ξn (∞) = ξ n , γ ξ (∞) = ξ. Pick a parametrization for γ ξ , for example, set γ ξ (0) to be a point of minimal distance from s and assume, on the contrary, that ξ ∈ I (ρ) . As above, let [x η , s] (resp. [x ρ , s]) be geodesic segments realizing the distance d η (resp. d ρ ) of s from Im γ η (resp. Im γ ρ ) for some point x η ∈ Im γ η (resp. x ρ ∈ Im γ ρ ). Consider the neighborhood N of geodesic lines around γ ξ determined by the positive number C/2 (cf. Lemma 1) and the compact set
The same holds for γ n , n large enough, thus, s / ∈ S ([γ n (+∞) , ρ]), equivalently, ξ n ∈ I (ρ) a contradiction. We conclude this Section with the following proposition which indicates that uniqueness of geodesic rays is a property which depends on the choice of base point.
Proposition 11 Let ξ ∈ ∂ S be arbitrary. Then for some point x ∈ S there exist at least two geodesic rays r 1 , r 2 such that r 1 (0) = r 2 (0) = x and r 1 (+∞) = r 2 (+∞) = ξ.
Proof. Assume, on the contrary, that for every point x ∈ S there exists exactly one geodesic ray, denoted by r x , with r x (0) = x and r x (+∞) = ξ. Observe that for two arbitrary distinct geodesic rays r 1 , r 2 with r 1 (+∞) = r 2 (+∞) = ξ (then, by assumption, r 1 (0) , r 2 (0) must be distinct) we have that Im r 1 ∩ Im r 2 is either a geodesic sub − ray of both or, ∅.
otherwise for a base point in the intersection we would have two distinct geodesic rays corresponding to ξ. Fix a point s 0 where s 0 = p ( s 0 ) is a conical point with angle θ (s 0 ) < 2π. Let D ( s 0 , ε) be a closed disk of radius ε > 0 not containing any conical point except s 0 . The geodesic ray r s 0 intersects ∂D ( s 0 , ε) at a single point denoted x 0 . We will reach a contradiction by defining a continuous surjective map from ∂D ( s 0 , ε) \ { x 0 } to a space {+, −} consisting of two points.
Let A be a positive number, see property (1) above, such that for any x ∈ D ( s 0 , ε) the (unique) geodesic ray r x satisfies ∀t ∈ [0, +∞) , d (r s 0 (t) , r x (t)) < A.
Observe that we may adjust ε so that ε < A.
Let D (r s 0 (3A) , A) be the closed disk of radius A centered at r s 0 (3A) . Then, the set D (r s 0 (3A) , A) \ Im r s 0 consists of two connected components. Using the orientation of r s 0 we may mark these components by saying that the component to the right is the positive component and the one to the left the negative, notation D + and D − respectively. In order to define a map Let now x ∈ ∂D ( s 0 , ε) \ { x 0 } so that r x falls in to Case III. It is easy to see that t x > ε. For, if 0 < t x ≤ ε then r s 0 (t x ) ∈ D ( s 0 , ε) which is impossible because r s 0 (t x ) is a conical point and ε is chosen so that s 0 is the unique conical point in D ( s 0 , ε) . If t x = 0, then the conical point s 0 = r s 0 (0) of angle < 2π lies on the geodesic ray r x , a contradiction by Lemma 1. Thus, t x > ε and there exists δ > 0 sufficiently small so that the disk D (r s 0 (t x ) , δ) does not contain x 0 = r s 0 (ε) . This disk D (r s 0 (t x ) , δ) can be used to define R (x) as above: Im r x intersects exactly one of the two oriented components of D (r s 0 (t x ) , δ) \ Im r s 0 and define R (x) accordingly.
We show that R is continuous. Let {x n } be a sequence in ∂D ( s 0 , ε) \ { x 0 } converging to a point x. The sequence of geodesic rays {r xn } converges, up to a subsequence, to a geodesic ray q x emanating from x. Since r xn (+∞) = ξ for all n, it follows that q x (+∞) = ξ. By assumption of uniqueness of geodesic rays we have q x = r x . Thus, r xn → r x uniformly on compact sets. Without loss of generality we may assume that R (x) = +. First assume that the geodesic ray r x falls into Case I or II, that is, Im r x ∩ D + = ∅. Since r xn → r x uniformly on compact sets it follows that there exists N so that ∀n ≥ N, Im r xn ∩ D + = ∅ which means that R (x n ) = +, ∀n ≥ N. Case II is treated similarly. This shows that R is continuous. We show that R is onto. We may choose a sequence {x n } ⊂ ∂D ( s 0 , ε) \ { x 0 } converging to x 0 from the right in the following sense: for all sufficiently small δ > 0 the set D ( x 0 , δ) \ Im r s 0 consists of two connected components. We mark them as right (positive) and left (negative) according to the positive direction of r s 0 . We say that a sequence {x n } ⊂ ∂D ( s 0 , ε) \ { x 0 } converges to x 0 from the right if x n belongs to the right (positive) component of D ( x 0 , δ) \ Im r s 0 for all but finitely any n. Clearly, for such a sequence {x n } , the corresponding geodesic rays r xn → r s 0 | [ε,+∞) uniformly on compact sets. Choose ε 1 < ε and set N (ε 1 ) = y ∈ S ∃t ∈ [ε, +∞) : d (y, r s 0 (t)) < ε 1 .
As above, N (ε 1 )\Im r s 0 consists of two components N + and N − . Pick a sequence x n → x 0 from the right. Then, for all n large enough, x n ∈ N + and by the uniform convergence of r xn , Im r xn ⊂ N + . This implies that R (x n ) = + for all large enough n. Similarly we show that R attains the value −.
Density of closed geodesics
We begin by showing that each class of geodesic rays (resp. lines) with the same boundary point at infinity contains a leftmost and a rightmost geodesic ray (resp. line) which bound a convex set containing the image of any other geodesic ray (resp. line) in the same class.
Proposition 12 For every point ξ ∈ ∂ S, there exist two geodesic rays r L , r R with r L (∞) = ξ = r R (∞) and whose images bound a convex subset S (ξ) of S with the property Im r ⊂ S (ξ) for all geodesic rays r with r (∞) = ξ.
Proof. Observe that if the class of geodesic rays corresponding to ξ is a singleton, the above Proposition holds trivially with r L = r R being the unique geodesic ray with positive point ξ.
Let A be the number posited in equation (1) . Denote by C ( x 0 , m) (resp. D ( x 0 , m)) the circle (resp. closed disc) of radius m centered at x 0 . For each large enough N ∈ N, the set ξ (N) = r (N) r ∈ ξ is contained in an interval I N,ξ of diameter A inside the circle C ( x 0 , N) . For large enough N we may orient I N,ξ and speak of its left and right endpoint. We claim that ξ (N) is a closed set. To see this let {y n } be a sequence of points in ξ (N) converging to y ∈ I N,ξ . By definition of ξ (N) , for each y n there exists a geodesic ray r n ∈ ξ (not necessarily unique) such that r n (N) = y n . By passing to a subsequence, if necessary, {r n } converges to a geodesic ray r and, clearly, r ∈ ξ. As y n → y, y must belong to Im r and, on the other hand, y ∈ I N,ξ ⊂ C ( x 0 , N) . Thus, y = r (N) which shows that ξ (N) is closed.
By compactness, the leftmost and rightmost points of ξ (N) inside I N,ξ , denoted by y L and y R respectively, exist. As the number of conical points in D ( x 0 , N) is finite, we may choose (cf Lemma 2) geodesic segments σ L,N and σ R,N with endpoints x 0 , y L and x 0 , y R respectively, satisfying the following property:
• the convex subset of D ( x 0 , N) bounded by the union
where [y L , y R ] indicates the subinterval of C ( x 0 , N) containing ξ (N) , contains all geodesic segments r| [0,N ] for all r ∈ ξ.
The segment σ L,N (and similarly for σ R,N ) can be obtained by starting with a geodesic segment σ ′ L,N with endpoints x 0 , y L and then if a geodesic ray intersects the segment σ ′ L,N , it must do so at pairs of (conical) points (otherwise, the property of y L being leftmost would be violated). As the intersection points are conical points, they are finitely many pairs of intersection points so we may replace (see Lemma 2) finitely many parts of the segment σ 
In view of the above Proposition we introduce the following Terminology: For each ξ ∈ ∂ S, the geodesic rays posited in the above proposition will be called leftmost and rightmost geodesic rays in the class of ξ and will be denoted by r L,ξ and r R,ξ respectively.
Proposition 13 For every pair of points
, whose images bound a convex subset S (η, ξ) of S with the property Im γ ⊂ S (η, ξ) for all geodesic lines γ ∈ (η, ξ) .
Proof. The line of proof is similar to the previous proposition, however, we include it here because certain modifications are needed.
We may assume that there exist at least two geodesics in the class of (η, ξ) , otherwise the statement is trivial. Moreover, each γ ∈ (η, ξ) is considered oriented with positive the direction from η to ξ and then the left and right component of ∂ S \ {η, ξ} is determined. Pick a base point x 0 on the image of an arbitrary γ 0 ∈ (η, ξ) and set γ 0 (0) = x 0 . For large enough N ∈ N, we may find intervals
where A is the constant posited in (1), with the property 
and similarly for ξ − (N) . We claim that both sets ξ + (N) , ξ − (N) are closed. To see this let {y n } be a sequence of points in ξ + (N) converging to y ∈ I + N (η, ξ) . By definition of ξ + (N) , for each y n there exists a geodesic γ n ∈ (η, ξ) (not necessarily unique) such that γ n t + γn,N = y n . By passing to a subsequence, if necessary, {γ n } converges to a geodesic γ ′ . Clearly, γ ′ ∈ (η, ξ) and y must belong to Im γ ′ ∩ I + N (η, ξ) . In order to complete the proof that ξ + (N) is closed we need to show that y = γ ′ t + γ ′ ,N . We may assume that N is large enough so that
for all n. Observe that for every ε > 0 which belongs to the interval 0, t proposition will be called leftmost and rightmost geodesic lines in the class of (η, ξ) and will be denoted by γ L,(η,ξ) and γ R,(η,ξ) respectively.
Theorem 14
Closed geodesics are dense in GS in the following sense: for each pair (η, ξ) ∈ ∂ 2 S there exists a sequence of geodesics {c n } such that c n → γ L, (η,ξ) in the usual uniform sense on compact sets and p(c n ) is a closed geodesic in S for all n. Similarly for γ R,(η,ξ) .
Proof. For arbitrary (η, ξ) ∈ ∂ 2 S, we orient as positive the direction from η to ξ and name left and right the components of ∂ S \ {η, ξ} . We may choose, by Proposition 8, a sequence {(φ n (−∞) , φ n (+∞))} n∈N where each φ n is a (hyperbolic) element of π 1 (S) such that φ n (−∞) → η, φ n (∞) → ξ with the additional property that for all n both φ n (−∞) , φ n (∞) belong to the same (say, right) component of ∂ S \ {η, ξ} . In particular we have that φ n (−∞) = η and φ n (∞) = ξ.
We claim that for each n ∈ N, there exists a geodesic c ′′ n ∈ (φ n (−∞) , φ n (+∞)) , that is, c ′′ n (−∞) = φ n (−∞) and c ′′ n (∞) = φ n (+∞) whose projection to S is closed. To see this, pick arbitrary y ∈ S and consider the geodesic segment [y, φ n (y)] which, clearly, projects to a closed curve, say σ n in S. There exists a length minimizing closed curve in the (free) homotopy class of σ n (see [5, Ch. 
